For two-dimensional (2D) atomic Fermi gases in harmonic traps, the SO(2, 1) symmetry is broken by the interatomic interaction explicitly via the contact correlation operator. Consequently the frequency of the breathing mode ωB of the 2D Fermi gas can be different from 2ω0, with ω0 the trapping frequency of harmonic potentials. At zero temperature, we use the sum rules of density correlation functions to yield upper bounds for ωB. We further calculate ωB through the Euler equations in the hydrodynamic regime. The obtained value of ωB satisfies the upper bounds and shows deviation from 2ω0 which can be as large as about 8%.
Collective oscillation modes of atomic gases confined spatially in harmonic traps convey crucial information of the nature of the systems. The measurements of the frequency of the breathing mode in three dimensions have confirmed the superfluid hydrodynamics of Bose-Einstein condensates [1] and the universality of unitary Fermi gases [2] . Moreover, it is pointed out in Ref. [3] that if the interatomic interaction satisfies scale invariance, the atomic gases possess a "hidden" SO(2, 1) symmetry. Such a symmetry dictates that the frequency of the breathing mode of the gases confined in a spherical harmonic potential with trapping frequency ω 0 must be 2ω 0 .
With the advent of experimental realization of twodimensional atomic gases both of bosons [4] [5] [6] [7] and fermions [8] [9] [10] [11] [12] , Refs. [13] and [14] put into the context of quantum anomaly the point mentioned in Ref. [3] that if a contact pseudo-potential with a bare coupling constantḡ is used to model the short-ranged interatomic interaction, the two-dimensional atomic gases have the SO(2, 1) symmetry at the classical level sinceḡ is dimensionless. However, necessary renormalization ofḡ introduces the scattering length a 2D in two dimensions as a new low energy observable which characterizes the interatomic interaction. The classical SO(2, 1) symmetry ceases to hold at the quantum level due to the fact that a 2D carries dimension. Consequently, the frequency of the breathing mode ω B of the two-dimensional gases can be different from two times the harmonic frequency ω 0 of the spherical traps. On the other hand, recent experiment of two-dimensional Fermi gases carried out at temperature T ≈ 0.37T F , with T F the Fermi temperature, did not observe substantial deviation of ω B from 2ω 0 at all [15] .
In this paper, we study the breathing mode of a twodimensional (2D) Fermi gas of equal number of two species of fermionic atoms at zero temperature. Based on the short-rangedness of the interatomic interaction and the correlation structure at short distances in dilute Fermi gases, we give an alternative derivation to show that the interaction violates the SO(2, 1) symmetry explicitly via the contact correlation operator, compared to the quantum field approach in Ref. [14] . We derive the sum rules of density correlation functions and use them to yield upper bounds for the frequency of the breathing mode ω B . We further calculate ω B by the Euler equations in the hydrodynamic regime and find that the obtained ω B satisfies the upper bounds and can be about 8% bigger than 2ω 0 in the unitary regime as shown in Fig. (1) . Since in the high temperature limit atoms are noninteracting and the system obeys the SO(2, 1) symmetry trivially, ω B = 2ω 0 . Our results at zero temperature determine the typical order of magnitude how large ω B can deviate from 2ω 0 at finite temperatures. Our results have the prospect to be verified by future experiment deep in the degenerate regime.
Basic formalism.-Experiment produces twodimensional Fermi gases by confining 6 Li atoms of two hyperfine states in a three-dimensional harmonic trap with a large trapping frequency ω z in the z direction [8] [9] [10] [11] . Under the circumstances that all other relevant energy scales are much smaller than ω z , the motion of the atoms in the z direction is frozen; low energy dynamics occurs only in the xy plane. The system is described by the Hamiltonian
with the operatorsr = {x,ŷ},p = {p x ,p y }, and m the atom mass and ω 0 the spherical trapping frequency in the xy plane. We denote the two species of the fermions by ↑ and ↓. The attractive interaction potential U (r) has a short-range r 0 and gives rise to a shallow bound state with binding energy
, with the 2D scattering length a 2D r 0 . (We take = 1 throughout.) Since we are only interested in the long wavelength physics, the intra-species interactions have been neglected due to the Pauli exclusion principle.
Experimentally the breathing mode can be excited by modulating the trapping frequency ω 0 [15] . At zero temarXiv:1208.5640v1 [cond-mat.quant-gas] 28 Aug 2012
perature, the breathing mode should bring about a sharp peak in the spectrum function of the density correlation
where |g is the ground state, andÔ = i,σ=↑,↓r 2 i,σ and δÔ =Ô − Ô . We use . . . to denote the expectation value over |g .
The structure of χ (ω) can be analyzed by calculating the equation of motion of the operatorÔ:
The scale dilation generator isD = i,σ (p i,σ ·r i,σ + r i,σ ·p i,σ )/2 since e iγDr i,σ e −iγD = e γr i,σ . We continue to calculate the equation of motion forD:
Here the two-particle correlation function isρ(r) = i,j δ(r −r i,↑ −r j,↓ ). If the interatomic interaction is scale invariant, i.e., U (e γ r) = e −2γ U (r), the last term in Eq. (4) is zero; given [D,Ô] = −2iÔ, the operatorsÔ, D andĤ form a closed algebra, which corresponds to a SO(2, 1) symmetry [3] . In this case, the operatorÔ satisfies
from which one can read off that nonzero matrix elements f |Ô(t)|g oscillate with a frequency 2ω 0 and conclude that χ (ω) is a delta function centering at the frequency of the breathing mode ω B = 2ω 0 . However, the real interatomic interaction is not scale invariant. To evaluate the last term in Eq. (4) which breaks the SO(2, 1) symmetry, we note that due to the diluteness of atomic Fermi gases the two-particle correlation function has the asymptotic form [16] 
for r d the mean interparticle spacing. The wave function φ(r) satisfies the two-body Schrödingier equation in the relative coordinates
and is normalized such that φ(r) = ln(r/a 2D ) for r r 0 the range of U (r). The contact correlation operator C, which quantifies the correlation strength between fermions at short distances, obeys the adiabatic relation [16] 
at zero temperature. Similar to the manipulations employed in Ref. [17] , we integrate the second term of the integrand in Eq. (4) by parts, and by Eq. (7) find
Thus, we have
which agrees with the result derived by a quantum field approach in Ref. [14] . Sum rules.-With the contact correlation operatorĈ breaking the SO(2, 1) symmetry explicitly, the breathing mode frequency ω B can be different from 2ω 0 . To constrain the value of ω B , we use the sum rules, s = +∞ −∞ dωχ (ω)ω /π, to define the frequencies ω , −2 = s /s −2 ; at zero temperature ω , −2 are upper bounds for ω B [18] . Specifically we consider
The third sum rule s 3 can be evaluated as
To proceed further, we assume a square well model potential U (r) = −V 0 θ(r 0 − r) with V 0 > 0 and obtain
On the other hand, since the parameters V 0 and r 0 are required to reproduce the low energy physical quantities, e.g., the scattering length a 2D , in the limit r 0 /a 2D → 0, we have
From Eqs. (14)- (16) we obtain
which also implies [D,Ĉ] = 4iĈ where the factor 4 is the dimension ofĈ/Ω with Ω the system volume in two dimensions. By the virial theorem
which can be derived from
we cast ω 3,1 into the form
On the other hand, using dimensional analysis, we find within the local density approximation the upper bound
with
We evaluate ω 3,1 and ω 1,−1 for the 2D Fermi gas trapped in the harmonic potential with the local density approximation and using the interpolation of the equation of state obtained by the Monte Carlo simulation [19] as used in Ref. [12] . Figure (1) shows the relative deviations of the upper bounds ω 3,1 and ω 1,−1 from 2ω 0 verse ln(k F a 2D ), where k 2 F = 2πn 0 and n 0 is the total fermion density at the trap center. In the BEC limit a 2D → 0 + , fermions pair to form tightly bound bosonic molecules and these molecules are weakly interacting with each other. The ground state energy is Ĥ ≈ −N/2ma The upper bound ω 3,1 diverges as a 2D → 0 + . The physical reason of this divergence is that when the trapping frequency ω 0 is modulated, the operatorÔ acting on |g can disassociate the molecules. The integral of ω 3 χ (ω) is dominated by the part at frequencies ω 1/ma 2 2D
(cf. Eq. (2)). In the BCS limit a 2D → +∞, the interaction energy of the ground state is ∼ −1/ ln(a 2D ), and thusĈ ∼ 1/ ln 2 (a 2D ), while Ô is basically the value for noninteracting fermions which is finite; ω 3,1 approaches 2ω 0 from above.
The other upper bound ω 1,−1 does not suffer divergence in the BEC limit, which mathematically is due to lower powers of ω in s 1 than in s 3 . On the ground of dimensional analysis, Ô = f (mω 0 a 2 2D , N )/ω 0 . We express ω 1,−1 in terms of the function f as Since the cloud size increases as a 2D increases [12] , ∂f (ξ, N )/∂ξ > 0; ω 1,−1 is always bigger than 2ω 0 , which implies ∆ > 0. From the equation of state of homogeneous gases obtained in Ref. [19] , one can deduce that ξ∂f (ξ, N )/∂ξ becomes zero in the BEC and BCS limits and reaches a maximum at ξ ∼ 1. Correspondingly, as shown in Fig. (1) , the bound ω 1,−1 approaches 2ω 0 in the BEC and BCS limits and shows a maximum in the unitary regime k F a 2D ∼ 1. We find ω 1,−1 < ω 3,1 for any ln(k F a 2D ); the upper bound ω 1,−1 is more strict.
Hydrodynamic equations.-The above sum rule results suggest that the frequency of the breathing mode ω B can differ from 2ω 0 by a significant amount in the unitary regime. The experiment [15] showed that the degenerate Fermi gas is in the hydrodynamic regime around the unitary limit k F a 2D = 1. The small decay rate of the breathing mode measured there, which is primarily due to the anharmonicity of the trapping potential [20] , indicates that dissipation is negligible. We use the Euler equations
to calculate ω B in the hydrodynamic regime at zero temperature. Here n and v are the density and velocity fields of the fermions, and µ(r) is the local chemical potential of the fermions. The harmonic potential is V ho (r) = mω 2 0 r 2 /2. Previous applications of the Euler equations to atomic gases in three dimensions usually linearize the density n = n eq + δn with n eq the equilibrium density distribution, and treat both δn and v as small quantities. If one assumes δn(r, t) = e −iωt δn(r), the linearized Euler equations give [21] −ω 2 δn = · n eq ∂µ eq ∂n eq δn .
Here µ eq is the equilibrium local chemical potential. It is tempting to solve Eq. (26) for the breathing mode of two-dimensional Fermi gases as an eigen-equation for δn in the domain 0 < r < R T F with R T F the Thomas-Fermi radius of the cloud at equilibrium where n eq (R T F ) = 0. However, due to the attractive interatomic interaction, the part of the system close to the cloud edge is in the BEC regime. The equation of state for this part is µ − 1/2ma
) [13] . Given that δn for the breathing mode should be spherically symmetric, the asymptotic form of Eq. (26) in this spatial region is
which diverges as w → 0 + [22] ; no physical solution exists. Mathematically speaking, the logarithm in the equation of state of two-dimensional BECs makes r = R T F an irregular singular point of Eq. (26). We attribute the absence of physical solutions to Eq. (26) to the approximation of linearizing the Euler equations which must breaks down since the linearized solution δn would become infinitely big close to the cloud edge.
Physically the frequency of the breathing mode ω B is expected to be determined by the bulk of the cloud instead of the details close to the edge. To emphasize the property of the bulk, we adopt a variational approach and work with the Lagrangian
from which Eqs. (24) and (25) can be derived [23] . The internal energy density E is related to the local chemical potential µ via ∂E/∂n = µ. The Lagrangian multiplier φ is used to ensure the continuity equation (24) . We assume a variational ansatz n(r, t) = n eq (r/λ(t))/λ(t) 2 for the breathing mode which is exact if the interaction is scale invariant. Correspondingly Eq. (24) determines v(r, t) = (d ln λ(t)/dt)r. Substituting the forms of n(r, t) and v(r, t) into Eq. (28), for small oscillations λ(t) = 1+δ(t) with δ(t) 1, we obtain the Lagrangian equation
Further manipulation yields
from which one can tell ω B < ω 1,−1 for ∆ > 0 (cf. Eq. (21)). The physical meaning of Eq. (30) is manifest: its nominator is the average of the square of the sound velocity over the cloud and its denominator gives the square of the linear dimension of the cloud; ω B is basically the rate how fast a density variation can propagate through the cloud with the averaged sound velocity [24] . Note that the logarithmic singularity in the equation of state for two-dimensional BECs mentioned above is weak enough that the integral in the nominator of Eq. (30) converges. If the interaction is scale invariant, n eq (∂µ eq /∂n eq ) = µ eq ; given ∂µ eq /∂r = −∂V ho /∂r, one retrieves ω B = 2ω 0 .
With the local density approximation as used for ω 1,−1 and ω 3,1 , we evaluate ω B from Eq. (30) for −2 < ln(k F a 2D ) < 2 which is presumably in the hydrodynamic regime [15] . Figure (1) shows that the maximum deviation of ω B from 2ω 0 is about 8% at k F a 2D ∼ 1. The estimate of ω B in Ref. [14] , where a linearized Euler equation is solved with assuming a polytropic equation of state, is bigger than ours, and barely satisfies the upper bound ω 1,−1 . Our calculation of ω B at zero temperature sets up the typical scale how large the difference between ω B and 2ω 0 can be. It is natural to expect that when temperature rises up, ω B decreases from its value at zero temperature, and approaches 2ω 0 in the high temperature limit where the fermions are essentially noninteracting. Future experimental advance into deep degenerate regimes has the prospect of suppressing the damping rate of the breathing mode, which is about 2% of 2ω 0 at T /T F ≈ 0.37 [15] , and producing a definite detection of nonzero ω B − 2ω 0 . We acknowledge useful discussions with H. Zhai, Z. Chen, G. Baym, C.J. Pethick, M. Köhl, M. Randeria, E. Taylor, and M. Oshanii. We thank M. Oshanii for providing us with his notes on solving the Euler equations for two dimensional gases. This work is supported in part by Tsinghua University Initiative Scientific Research Program, and NSFC under Grant No. 11104157.
